. These subfields form a tower of normal extensions
. . , t) and K 0 ¼ Q. Our main result in this paper is an explicit formula for an element a i in K iÀ1 such that K i ¼ Qð ffiffiffiffi a i p Þ (i ¼ 1, 2, . . . , t). This result is applied to DeMoivre's quintic x 5 À 5ax 3 þ 5a 2 x À b, solvable
INTRODUCTION
A finite group G is said to be a Frobenius group if there exists a transitive G-set X such that every g 2 G n 1 f g has at most one fixed point ð1Þ
and there is some g 2 G n 1 f g that does not have a fixed point.
It can be proved (Rotman, 2002, Proposition 8.161 ) that a finite group G is a Frobenius group if and only if it contains a proper nontrivial subgroup H such that
Such a subgroup H of G is called a Frobenius complement of G. Let
N is called the Frobenius kernel of G. Frobenius proved using character theory the following result (Rotman, 2002, Theorem 8.164 ):
Let G be a Frobenius group with complement H and kernel N:
Then N is a normal subgroup of G with N \ H ¼ 1 f g and G ¼ NH:
Furthermore, we have (Robinson, 1982, Ex. 8.5.6) h j n À 1; where h ¼ H j j and n ¼ N j j:
By (4), G is the semi-direct product of N and H, written G ¼ N e H. Note that there is a natural G-action on N: for s in G, f s (v) ¼ svs À1 , n 2 N. We state the following result without proof.
The semi-direct product G ¼ N e H is a Frobenius group with kernel N and complement H if and only if the action of H n 1 f g on N n 1 f g is fixed-point free; that is; if s 2 H; u 2 N n 1 f g and
In this paper, we consider irreducible polynomials f (x) 2 Z[x] with Galois group G ¼ Gal( f ) satisfying the following three conditions:
G ¼ NeH is a Frobenius group with kernel N and complement H;
H is a cyclic group with even degree h, hence N is abelian,
degðf ðxÞÞ is odd, greater than 1, and equal to n, the order of N:
In (7b) the fact that N is abelian follows from Robinson (1982, Ex. 10.5) . We define the positive integer t by
and the odd positive integer h 1 by
We denote the splitting field of f (x) by L so that
For each j ¼ 1, 2, . . . , t we show that L has exactly one subfield K j with [K j : Q] ¼ 2 j . These subfields form a tower of normal extensions
Our objective in this paper is to give an explicit element
. This determination is given in Sec. 3 after some preliminary results are proved in Sec. 2. In Sec. 4 we apply our results to certain classes of polynomials.
If the roots of f (x) are distinct, we fix some ordering of the roots and view the Galois group G of f (x) as a subgroup of the symmetric group S n . Galois theory tells us that the field Kð ffiffiffiffiffiffi D f p Þ is always a subfield of the splitting field of f (x), and that G is a subgroup of the alternating group A n if and only if ffiffiffiffiffiffi
Þ=K is quadratic if and only if G contains odd permutations on fy 1 , y 2 , . . . , y n g. In this paper, we shall see that when G is not contained in A n , the quadratic extension
It is worth noting that even when G is not a subgroup of A n , a quadratic tower over K can still be constructed.
It is clear that
We now state our main result.
be an irreducible polynomial. Let the roots of f (x) in C be y 1 , y 2 , . . . , y n . Let L ¼ Q(y 1 , y 2 , . . . , y n ) be the splitting field of f (x), and G ¼ Gal( f ) ¼ Gal(L=Q) be the Galois group of f (x). Assume that f (x) and G satisfy the following four conditions: Define t and h 1 as in (8) and (9) respectively. Then L contains exactly one normal subfield K j with [K j : Q] ¼ 2 j for each j ¼ 1, 2, . . . , t. These subfields satisfy
where each g ij (x) 2 K i [x] is monic, irreducible, of degree nh=2 i , and even. Finally, for any j 2 f1, 2, . . . , 2 i (n À 1)=hg, we have
and
Remark 2. The existence of a quadratic tower of the form (11) follows from Galois theory. Let L N be the subfield of L fixed by N. Then the Galois group of
, is isomorphic to G=N, hence to H, which is cyclic of order 2 t h 1 . Gal(L N =Q) has a unique sequence of subgroups (each of which is normal since Gal(L N =Q) is abelian) (15) and it follows that the subfield L M is the field K j in (11). This implies the uniqueness of the tower (11). The following diagram illustrates the Galois correspondence between some subgroups of G and some subfields of L.
SOME PRELIMINARY RESULTS
We recall and reorganize some basic facts about Frobenius groups in Cangelmi 2000 and Robinson (1982) for our purposes. Let f (x) 2 Z[x ] satisfy all the assumptions of the Theorem. Let fy 1 , y 2 , . . . , y n g be the roots of f (x) in C. We may replace Q by a number field K. For a fixed i 2 f1, 2, . . . , ng, let H i be the stabilizer of y i in G, that is,
. . , n, since jH i j ¼ h and jNj ¼ n are coprime by (5). The natural projection s 2 G ! sN restricted to the subgroup H i must be one-to-one because the kernel of the map is N \ H i ¼ f1g. Therefore H i ffi G=N ffi H as groups. As G is transitive on the set fy 1 , y 2 , . . . , y n g, for any j 2 f1, 2, . . . , ng with j 6 ¼ i there exists g 2 G such that g(y i ) ¼ y j . Then the group gH i g À1 (a conjugate of H i ) is the stabilizer H j of the root y j . Thus H i has exactly n conjugates including itself, and each of these fixes exactly one root of f (x). The stabilizer of two distinct roots of f (x) is the trivial subgroup f1g of G, since
It is clear that (3) is satisfied and G is a Frobenius group with complement H i for any i 2 f1, 2, . . . , ng. From the orders of N, H i and G, it is not hard to verify that
Thus N is the Frobenius kernel with respect to the complement H i of G.
The following is a summary of the above discussion. Lemma 1. Let G ¼ N e H be a Frobenius group serving as the Galois group of an irreducible polynomial f (x) over a number field K, such that
(ii) The set N n f1g contains all elements in G that do not have a fixed point in fy 1 , y 2 , . . . , y n g. (iii) If s 2 G and s(y r ) ¼ y r , s(y s ) ¼ y s for r, s 2 f1, 2, . . . , ng with r 6 ¼ s, then s ¼ 1.
The following result is an easy corollary of Lemma 1. Proof. Assume that n 1 2 N, n 2 2 N and
& Proposition 3. The Frobenius kernel N acts transitively on the set of roots fy 1 , y 2 , . . . , y n g of f (x).
Proof. For r, s 2 f1, 2, . . . , ng, r 6 ¼ s, there exists s 2 G, such that s(y r ) ¼ y s , since G acts transitively on the set fy 1 , y 2 , . . . , y n g. By Proposition 2, s 2 nH r for some n 2 N. Thus s ¼ nZ for some Z 2 H r . Now we have
completing the proof. & Next we consider the subgroups of G of the form N e ha 2 m i, m 2 f0, 1, 2, . . . , tg.
Proposition 4. For m 2 f0, 1, 2, . . . , tg, we have
2 m i acts transitively on fy 1 , y 2 , . . . , y n g, the set of roots of f (x). 
To prove (iii) we notice that, by Proposition 3, N acts transitively on the set fy 1 , y 2 , . . . , y n g. So does N e ha 2 m i . Now conditions (1) and (2) in Sec. 1 are satisfied when fy 1 , y 2 , . . . , y n g is considered as the N e ha 2 m i-set. This proves (iv). &
In Remark 2, we observed that G ¼ Gal(L=Q) has a unique sequence of normal subgroups
. . , tg, and N M i , i 2 f0, 1, 2, . . . , tg. Combining this observation and Proposition 4, we obtain Proposition 5.
Proposition 6. For r, s 2 f1, 2, . . . , ng with r 6 ¼ s, there exists t 2 G such that t(y r ) ¼ y s and t(y s ) ¼ y r .
Proof. For any i 2 f1, 2, . . . , ng the subgroup H i ¼ fs 2 G : s(y i ) ¼ y i g is cyclic of even order. Denote the unique element of order 2 in H i by t i . If t 2 G is of order 2, then t lies in H i for some i 2 f1, 2, . . . , ng, since G ¼ ð S n i¼1 H i Þ [ N and jNj is odd. Thus t ¼ t i for some i and ft 1 , t 2 , . . . , t n g is the complete set of order 2 elements in G. Each t i (i 2 f1, 2, . . . , ng) fixes exactly one root y i of f (x), hence t i is a product of (n À 1)=2 transpositions. We point out that no two of these order 2 elements can have a transposition in common. Otherwise, say that the transposition (y r , y s ), for some r 6 ¼ s, occurs in both t i and t j , for some i 6 ¼ j. Then
It follows from Lemma 1(iii) that t i t j ¼ 1, hence t i ¼ t j , a contradiction. Now assume that r, s 2 f1, 2, . . . , ng and r 6 ¼ s. Then there are (n À 2) order 2 elements in G which fix neither y r nor y s . Let t k be such an order 2 element. Then k 6 ¼ r and k 6 ¼ s. t k contains a transposition (y r , t k (y r )), where t k (y r ) 2 fy 1 , y 2 , . . . , y n g n fy r , y k g, which is a set of (n À 2) elements containing y s . Therefore there exists t 2 G, such that t(y r ) ¼ y s and t(y s ) ¼ y r . & In the rest of this section we assume the following set of conditions. Condition Set.
(i) K is a subfield of C and y 1 , y 2 , . . . , y n are the roots in C of an irreducible polynomial (v) The degree of f (x) is odd, greater than 1, and equal to n, the order of N.
Let g (x) be an irreducible factor of g(x) over K. We have the following observations.
Proposition 7. The group G Ã ¼ Gal(L=K) acts transitively on the set of roots of g (x). Moreover, G Ã acts regularly on the set of roots of g (x), that is, the stabilizer of any root of g (x) in G Ã is the trivial subgroup f1g.
Proof. The first statement is clear. A root of g (x)
is of the form y r À y s , for some r 6 ¼ s, r, s 2 f1, 2, . . . , ng. If s 2 G Ã and s(y r À y s ) ¼ y r À y s , then s(y r ) ¼ y r and s(y s ) ¼ y s , since g(x) is squarefree. Thus s ¼ 1 by Lemma 1(iii). &
Corollary. The degree of g (x)
is equal to jG Ã j.
We note that the discriminant polynomial g(x) is the polynomial R(À1, f)(x) in Cangelmi (2000, p. 852) . A more general treatment can be found in Cangelmi (2000, Theorem 3.1).
Proposition 8.
(i) If y r À y s is a root of g (x), for some r, s 2 f1, 2, . . . , ng with r 6 ¼ s, so is y s À y r .
Proof. By Proposition 6, there exists t 2 G Ã , such that t(y r ) ¼ y s and t(y s ) ¼ y r . Thus t(y r À y s ) ¼ y s À y r is a root of g (x) if y r À y s is a root of g (x). Over L, whenever x À (y r À y s ) is a linear factor of g (x), so is x À (y s À y r ). Therefore g (x) is a product of quadratic factors of the form x 2 À (y r À y s ) 2 for some r, s 2 f1, 2, . . . , ng with r 6 ¼ s. This proves (ii). &
We note that d ¼ jG Ã j=2 is the degree of h(x). Next we label the roots
Then we have
d g gð0Þ: Noting that D h 2 K we have proved the following result. Proof. It suffices to show that G Ã , viewed as a permutation group on the roots of g (x), contains an odd permutation. Fix a root x of g (x). Then the map s 2 G Ã 7 ! sx is a one-to-one correspondence from G Ã onto the set of roots of g (x), by Proposition 7. Thus we just need an element of G Ã acting as an odd permutation when G Ã acts on itself by left multiplication. Let r be an element of H Ã of order 2 m and m be an element of H Ã of order h 1 . Then H Ã is the direct product of the two cyclic subgroups generated by r and m respectively. We also notice that
Thus each element in G Ã can be represented uniquely as r i m j n for some n 2 N, i 2 f0, 1, . . . , 2 m À 1g and j 2 f0, 1, . . . , h 1 À 1g. We now claim that left multiplication by r, denoted r L : s 2 G Ã 7 ! rs 2 G Ã , serves as an odd permutation on the set G Ã . For fixed j 2 f0, 1, . . . , h 1 À 1g and n 2 N, the action of r L is r i m j n 7 ! r iþ1 m j n for i 2 f0, 1, . . . , 2 m À 2g and r 2 m À 1 m j n 7 ! m j n. Therefore the cycle of length 2 m p j;n ¼ ðm j n; rm j n; r 2 m j n; . . . ; r 2 m À1 m j nÞ occurs in the representation of r L as the product of disjoint cycles, and
As each p j,n is an odd permutation and h 1 n is an odd integer, r L is an odd permutation on G Ã . &
PROOF OF THE THEOREM
We verify that for all i 2 f0, 1, . . . , t À 1g, K i ¼ K satisfies all five conditions in the Condition Set.
f (x) is irreducible over K 0 ¼ Q by assumption. To show that f (x) is irreducible over K i , i 2 f1, 2, . . . , t À 1g, it suffices to show that the Galois group Gal(L=K i ) acts transitively on the set of roots of f (x). But Gal(L=K i ) is, by Proposition 5, M i ¼ N e ha 2 i i, which acts on fy 1 , . . . , y n g transitively by Proposition 4(iii). Hence (i) of the Condition Set holds.
is squarefree over K i , and L ¼ K(y 1 , y 2 , . . . , y n ) is the splitting field of f (x). Thus (ii) and (iii) of the Condition Set hold. The Galois group Gal(
i is a Frobenius group with kernel N and complement h a 2 i i, which is a cyclic group of even order 2 tÀi h 1 , where t À i is a positive integer and h 1 is an odd positive integer. This verifies (iv) of the Condition Set. Finally, the degree of f (x) is n ¼ jNj by assumption. Thus (v) of the Condition Set is valid.
Recall that the degree of g(x) is n(n À 1). According to Proposition 7 and its corollary, each irreducible factor of g(x) over K i is of degree
is monic, irreducible, and of degree jG Ã j ¼ 2 tÀi h 1 n ¼ nh=2 i . By Proposition 10, the field extension
clear that for i 2 f0, 1, . . . , t À 1g, the degree of the element ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
q over the rational field Q is 2 iþ1 . By the uniqueness of the quadratic tower (11) (Remark 2), we have
q Þ; i 2 f0; 1; . . . ; t À 1g: 
hence we have
q ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi Àg tÀ1 j ð0Þ p . The proof is now complete since both (13) and (14) are established by (15) and the notes above. &
EXAMPLES
Our theorem gives a practical way of determining the normal subfields K i of degree 2 i of the splitting field of L of f since the polynomial g(x) can be conveniently computed using resultants (see Soicher, 1981) and factored over a number field using for example a package such as MAPLE. If g(x) has repeated factors it is necessary to change the polynomial f (x) by a Tschirnhausen transformation.
, and f (x) has the linear factor x À 2c. The Galois group G of f is the Frobenius group F 20 . Here n ¼ 5, h ¼ 4, (n À 1)=h ¼ 1 and t ¼ 2. The polynomial f (x) is known as DeMoivre's quintic. Set
MAPLE gives g(x) as a polynomial of degree 20 with constant term
Next we factor g(x) and our theorem yields the unique quartic subfield K 2 of L as
we have
in agreement with Spearman and Williams (1999, Theorem) .
2-Power Degree Subfields
Example 2. We choose
to be a solvable, irreducible quintic trinomial with ab 6 ¼ 0. Let r be the unique rational root of the resolvent sextic of x 5 þ ax þ b (Spearman and Williams, 1994, p. 988) . Set
so that c ð! 0Þ 2 Q; e ¼ AE1; e ð6 ¼ 0Þ 2 Q:
Then (see, for example, Spearman and Williams, 1994, Theorem, p. 987) we have
The Galois group G of f is
& where D 5 is the dihedral group of order 10 and F 20 is the Frobenius group of order 20 (Spearman and Williams, 1994, p. 990 By the theorem we obtain
in agreement with Spearman et al. (1995, p. 16 ). Next we use MAPLE to factor g(x) over K 1 . MAPLE gives g(x) as the product of two monic polynomials g 11 (x) and g 12 (x) Spearman et al. (1995, Theorem, p. 17) .
We conclude by giving brief details of four numerical examples. 
